Nonlinear vibration characteristic of strip mill under the coupling effect of roll-rolled piece by Bin Liu et al.
 5492 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. DEC 2016, VOL. 18, ISSUE 8. ISSN 1392-8716  
2286. Nonlinear vibration characteristic of strip mill 
under the coupling effect of roll-rolled piece 
Bin Liu1, Jiahao Jiang2, Fei Liu3, Haoran Liu4, Peng Li5 
1, 2, 5School of Electrical Engineering, Yanshan University, Qinhuangdao, China 
3, 4School of Informational Science and Engineering, Yanshan University, Qinhuangdao, China 
4Corresponding author 
E-mail: 1liubin@ysu.edu.cn, 2jichen0928@163.com, 3liufei@ysu.edu.cn, 4764098442@qq.com, 
5993777238@qq.com 
Received 8 April 2016; received in revised form 18 August 2016; accepted 22 August 2016 
DOI https://doi.org/10.21595/jve.2016.17056 
Abstract. In the existing friction coefficient models, the influence of relatively horizontal 
vibration of rolled piece is always overlooked, this makes the friction coefficient model error and 
ultimately affects the accuracy of vibration model of rolling mill. In order to be more close to the 
actual situation, the vertical vibration model of strip mill is established by considering the effect 
of horizontal vibration of rolled piece. The approximate analytic solutions are obtained by multiple 
scales method. Then, bifurcation characteristics of system are analyzed by means of Singularity 
theory. Finally, frequency responses of system are investigated with the change of external 
excitation amplitudes and internal nonlinear parameters. Results show that vibration behavior of 
system changes with the external excitation amplitudes and frequencies, internal nonlinear 
parameters and coupling parameters. Moreover, the unstable frequency region of system can be 
obtained by amplitude-frequency curve. 
Keywords: strip mill, nonlinear vibration, friction force, multiple scales method, bifurcation. 
1. Introduction 
Plate and strip is the most popular rolling product, widely used in automobile manufacturing, 
shipping, aerospace and military field processing [1]. With the development of society, the size 
precision and surface quality of the plate and strip has been put forward higher requirements [2]. 
However, the vertical vibration of rolling mill has been a problem for enhancing the efficiency of 
cold rolling products all over the world. The vertical vibration of rolling mill will produce 
vibration mark in strip and roll surface, so that the quality of the products will be greatly 
discounted. Furthermore, the severe vibration of rolling mill even cause broken belt and equipment 
damage accidents, resulting in serious economic losses [3-5]. 
For the vertical vibration problem of strip mill in the rolling process, experts and scholars have 
established a variety vertical vibration models of rolling mill from different angles, and some 
suggests are given to restrain the vertical vibration of rolling mill. Yarita et al. presented a linear 
spring-dumping model to represent the interaction between roll system and upper beam of frame. 
He built a 4-DOF vibration model to study the vertical vibration of rolling mill [6]. Tamiya et al. 
considered that the mass of work roll is far more less than the backup roll, so he omitted the mass 
of work roll and built a 2-DOF vibration model based on the research of Yarita [7]; Soon after, 
Roberts et al. assumed that the rolling mill structure is equivalent along the rolling line, so he 
presented a single freedom vibration model of rolling mill [8]. With the development of nonlinear 
science, scholars begin to study the vertical vibration characteristics of rolling mill under the 
influence of nonlinear stiffness and nonlinear damping. Liu et al. set up a piecewise nonlinear 
vibration model of the hydraulic cylinder, and the vibration behavior of rolling mill with the 
nonlinear constraint of hydraulic cylinder were studied [9]. 
In recent years, with the further research on the vibration of rolling mill, some of vibration 
phenomena of the mill cannot be explained by simple rolling process theory. Scholars begin to 
study the mill vibration from coupling angles. Yun et al. formulated a 2-DOF coupling model by 
coupling the horizontal vibration and vertical vibration of rolls, then the expression of dynamic 
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component of the rolling force was derived, and they applied it in the mill structure [10]. Zhang 
et al. researched on the rolling mill vibration caused by flexural-vibration of the strip, and 
presented an electromechanical coupling vibration model of rolling mill; their work explained the 
unsteady vibration phenomenon, and attached importance to the parametric vibration of the rolling 
mill [11]. Yang et al. proposed a coupling vibration model by coupling the rolling process model, 
the mill roll stand structure model and the hydraulic servo system model; meanwhile the effects 
of different working conditions on the stability of cold rolling mill system were discussed; It 
contributes to the further study and suppression of coupling vibration [12]. 
Although the numerous researches on strip mill vibration provide theoretical support and 
reference for the production and the design of rolling mill, the unsteady vibration of strip mill 
caused by horizontal vibration of rolled piece is always overlooked. However, in the actual rolling 
process of strip mill, there are two kinds of friction states between rolled piece and roll, static 
friction and sliding friction. These two different friction sates will bring about different effects on 
the vibration of the rolling mill system. The vibration of rolled piece will affect the rolling mill 
system by changing the roll gap friction coefficient. Furthermore, the coupling vibration of rolled 
piece and roll will be a direct threat to the quality of strip. While in the state of static friction, the 
effect is weaker. So the vibration of strip mill caused by horizontal vibration of rolled piece must 
be taken seriously and its further study is urgent [13]. 
The purpose of this paper is to analyze the dynamic behavior and vertical vibration 
characteristic of strip mill under the coupling effect of roll-rolled piece, especially considering the 
influence of horizontal vibration of rolled piece on the friction coefficient, which is always 
neglected in former researches. In order to couple the rolling mill vertical vibration and the 
horizontal vibration of rolled piece, a coupling vibration model of rolling mill is proposed. Then 
by using multiple scales method, the analytic solutions are obtained. Finally, the static bifurcation 
characteristics and amplitude-frequency characteristics of coupling system are analyzed. The 
research results may provide a theoretical reference for the vibration suppression of the rolling 
mill. 
2. Mathematical modeling of the strip mill structure 
2.1. Modeling of friction force and rolling force 
Due to the influence factors of rolling force varied, there are various forms of rolling force 
formula. All in that formulas, the Hill formula is most widely used and has good accuracy [14]. 
Therefore, the rolling force can be expressed with Hill formula as follows: 
ܨ = ܤ݈௖ܳ௣ܭ்ܭ, (1)
where: 
݈௖ = √ܴΔℎ,      ܳ௣ = 1.08 + 1.79ߤߝ√1 − ߝඨ
ܴ
ܪ − 1.02ߝ,
ܭ் = 1 −
0.7߬௕ + 0.3߬௙
ܭ , ܭ = 1.15ܽ଴ ൬
1
3 ߝ଴ +
2
3 ߝଵ൰
௔భ
,
where, ܤ is the width of rolled piece; ݈௖  is the contact length between roll and rolled piece in 
deformation zone; ܳ௣ is the influential coefficient in stressed state; ܭ் is the tension coefficient; 
ܭ is the average deformation resistance of materials; ܽ଴, ܽଵ is the regression coefficient of the 
model; ܴ is the work roll radius; Δℎ is reduction quantity of rolled piece, Δℎ = ܪ − ℎ − 2ݕ, ܪ is 
the entrance thickness of rolled piece, ℎ is the exit thickness of rolled piece,ݕis the vibration 
displacement of rolls;εis the reduction rate of rolled piece, ߝ = Δℎ ܪ⁄ ; ߝ଴ is the reduction rate of 
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frame ingress, ߝ଴ = (ܪഥ − ܪ) ܪഥ⁄ ; ߝଵ is the reduction rate of frame egress, ߝଵ = (ܪഥ − ℎ) ܪഥ⁄ , ܪഥ is 
the thickness of pre-rolling rolled piece; ߬௙  and ߬௕  respectively represent the forward and 
backward tensile stress of rolled piece; ߤ is the friction coefficient of roll gap, it may be expressed 
as follows [15]: 
ߤ = ඨΔℎܦ ൣ0.5 + (ܭଵ − 0.5)݁
ି௄మ(௩బା௫ሶ)൧, (2)
where, ܭଵ and ܭଶ are the friction characteristic coefficients; ܦ is the work roll diameter; ݒ଴ is 
work roll rotational speed; ݔሶ  is the relative vibration speed of rolled piece in roll gap; considering 
that ܭଶݔሶ ≪ 1, so the Roberts formula can be simplified as: 
ߤ = ߤ(0,0) + Δߤ, (3)
where: 
ە
۔
ۓߤ(0,0) = ඨܪ − ℎܦ ሾ0.5 + (ܭଵ − 0.5)݁
ି௄మ௩బሿ,
Δߤ = ܾଵݔሶ + ܾଶݕ + ܾଷݔሶ ଶ + ܾସݔሶݕ + ܾହݕଶ + ܾ଺ݔሶ ଷ + ܾ଻ݔሶ ଶݕ + ଼ܾݔሶݕଶ + ܾଽݕଷ,
where:  
ܾ଴ = ߤ(0,0),      ܾଵ =
߲
߲ݔሶ ߤ(0,0), ܾଶ =
߲
߲ݕ ߤ(0,0),     ܾଷ =
1
2!
߲ଶ
߲ݔሶ ଶ ߤ(0,0),
ܾସ =
߲ଶ
߲ݔሶ߲ݕ ߤ(0,0),      ܾହ =
1
2!
߲ଶ
߲ݕଶ ߤ(0,0),      ܾ଺ =
1
3!
߲ଷ
߲ݔሶ ଷ ߤ(0,0), 
ܾ଻ =
1
2
߲ଷ
߲ݔሶ ଶ߲ݕ ߤ(0,0),   ଼ܾ =
1
2
߲ଷ
߲ݕଶ߲ݔሶ ߤ(0,0), ܾଽ =
1
3!
߲ଷ
߲ݕଷ ߤ(0,0).
When rolling process is stable, ݔሶ = 0, ݕ = 0. Substituting Eq. (2) into Eq. (1), then expanding 
Eq. (1) at equilibrium point by Taylor formula, the rolling force can be represented as: 
ܨ = ܨ(0,0) + Δܨ, (4)
where: 
ቊܨ(0,0) = 1.15ܽ଴ܤܮଵܮଶ√ܴܪ − ℎ,Δܨ = ܫଵݔሶ + ܫଶݕ + ܫଷݔሶ ଶ + ܫସݔሶݕ + ܫହݕଶ + ܫ଺ݔሶ ଷ + ܫ଻ݔሶ ଶݕ + ଼ܫ ݔሶݕଶ + ܫଽݕଷ,
where: 
ܮଵ = ൬
1
3 ߝ଴ +
2
3 ߝଵ൰
௔భ
− 0.7߬௕ − 0.3߬௙, ܮଶ = 1.08 +
1.79ܾ଴݁ି௄మ௩బ√ℎܴ − 1.02ܪ
ܪଶ (ܪ − ℎ), 
ܫ଴ = ܨ(0,0),      ܫଵ =
߲
߲ݔሶ ܨ(0,0),     ܫଶ =
߲
߲ݕ ܨ(0,0),     ܫଷ =
1
2!
߲ଶ
߲ݔሶ ଶ ܨ(0,0), 
ܫସ =
߲ଶ
߲ݔሶ߲ݕ ܨ(0,0),     ܫହ =
1
2!
߲ଶ
߲ݕଶ ܨ(0,0), ܫ଺ =
1
3!
߲ଷ
߲ݔሶ ଷ ܨ(0,0),
ܫ଻ =
1
2
߲ଷ
߲ݔሶ ଶ߲ݕ ܨ(0,0),    ଼ܫ =
1
2
߲ଷ
߲ݕଶ߲ݔሶ ܨ(0,0), ܫଽ =
1
3!
∂ଷ
∂ݕଷ ܨ(0,0). 
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According to the Friction theory, the friction formula can be written as: 
ܨ௙ = 2(ߤ଴ + Δߤ) × (ܨ(0,0) + Δܨ), (5)
where, ߤ଴ and ܨ(0,0) are the steady-state values, Δߤ and Δܨ are the dynamic variable quantities; 
Take the main part of the friction force, Eq. (5) can be written as: 
Δܨ௙ = 2ߤ଴Δܨ + 2Δߤܨ଴. (6)
By substituting Eq. (3) and Eq. (4) into Eq. (6), the expression of Δܨ௙ can be obtained: 
Δܨ௙ = 2ܾ଴ሾܫଵݔሶ + ܫଶݕ + ܫଷݔሶ ଶ + ܫସݔሶݕ + ܫହݕଶ + ܫ଺ݔሶ ଷ + ܫ଻ݔሶ ଶݕ + ଼ܫ ݔሶݕଶ + ܫଽݕଷሿ
      +2ܫ଴ሾܾଵݔሶ + ܾଶݕ + ܾଷݔሶ ଶ + ܾସݔሶݕ + ܾହݕଶ + ܾ଺ݔሶ ଷ + ܾ଻ݔሶ ଶݕ + ଼ܾݔሶݕଶ + ܾଽݕଷሿ. (7)
2.2. Dynamic model of strip mill mechanical structure 
The rolling system structure is very complex, in order to facilitate the research, scholars often 
simplify the rolling system by using the lumped mass method, the method is simple and effective, 
it has been recognized by industry experts [16]. Because the mass of work roll is far more less 
than the backup roll, So, according to the method, the work roll and backup roll can be viewed as 
a mass block. Based on the mass-spring-damping classic model, a structural model of plate and 
strip rolling mill is established as shown in Fig. 1. The model especially consider the effect of 
horizontal vibration of rolled piece. 
1y
2y
m
x
 
Fig. 1. Structure model of strip mill 
In Fig. 1, ݉ is the mass of rolled piece in roll gap, it can be obtained by the equation ݉ = ߩܸ; 
whereρis the rolled piece density, ܸ is the volume of rolled piece in roll gap, and it may be 
approximately expressed as this: ܸ = ܤ݈௖(ܪ + ℎ) 2⁄ ; The wave force of rolled piece in the 
forward and backward sliding zones is equivalent to the force function. Its stiffness can be written 
as: ݇௙ = ߬௙ ௙ܵ ܮ⁄ ௙ௗ, ݇௕ = ߬௕ܵ௕ ܮ⁄ ௕ௗ; where ߬௙ and ߬௕ stand for forward and backward tension of 
rolled piece, ௙ܵ and ܵ௕ stand for forward and backward cross-sectional area of rolled piece, ܮ௙ௗ 
and ܮ௕ௗ stand for forward and backward deformation length of rolled piece caused by external 
tension. The damping effect between the roll and rolled piece is equal to two equivalent damping 
ܿ . ݉ଵ  and ݉ଶ  are respectively the equivalent mass of upper and lower rolls; ݇ଵ  and ݇ଶ  are 
respectively the equivalent stiffness of upper and lower rolls; ܿଵ  and ܿଶ  are respectively the 
equivalent dumping of upper and lower rolls;ݕଵandݕଶare the vibration displacement of upper and 
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lower rolls; ܴ is the roll radium; ܨ∗ is the external disturbance force of rolls. 
According to the Lagrange principle of generalized dissipation, the dynamic equilibrium 
equation of the roll in the vertical direction can be expressed as: 
൜݉ଵݕሷଵ + ܿଵݕሶଵ + ݇ଵݕଵ = Δܨ + ܨ
∗,
݉ଶݕሷଶ + ܿଶݕሶଶ + ݇ଶݕଶ = −Δܨ − ܨ∗. (8)
Based on the assumption that the structure and vibration characteristic of rolling mill is 
symmetrical in relation to rolling line, there exist ݉ଵ = ݉ଶ; ܿଵ = ܿଶ; ݕଵ = −ݕଶ; ݇ଵ = ݇ଶ. So, the 
two equations in Eq. (8) have same expression form. In order to simplify the analysis procedure, 
only research on the upper rolls. The equivalent mass of upper rolls is denoted by ܯ , the 
equivalent stiffness of upper rolls is denoted by ܭ , the equivalent dumping of upper rolls is 
denoted by ܥ. Based on the simplification and equivalence, Eq. (8) can be written as: 
ܯݕሷ + ܥݕሶ + ܭݕ = Δܨ + ܨ∗. (9)
Based on the truth that in cold rolling process the roll is close to completely elastic flattening, 
namely, the contact surface between roll and rolled piece is close to a plane. On this basis, 
horizontal vibration dynamic equation can be expressed as: 
݉ݔሷ + 2ܿݔሶ + ൫݇௙ + ݇௕൯ݔ = Δܨ௙. (10)
By combining Eqs. (4, 7, 9, 10), coupling vibration equation of roll-rolled piece is obtained: 
ቐ
݉ݔሷ + 2ܿݔሶ + (݇௙ + ݇௕)ݔ = 2ܾ଴ሾܫଵݔሶ + ܫଶݕ + ܫଷݔሶ ଶ + ܫସݔሶݕ + ܫହݕଶ + ܫ଺ݔሶ ଷ + ܫ଻ݔሶ ଶݕ + ଼ܫ ݔሶݕଶ
      +ܫଽݕଷሿ + 2ܫ଴ሾܾଵݔሶ + ܾଶݕ + ܾଷݔሶ ଶ + ܾସݔሶݕ + ܾହݕଶ + ܾ଺ݔሶ ଷ + ܾ଻ݔሶ ଶݕ + ଼ܾݔሶݕଶ + ܾଽݕଷሿ,
ܯݕሷ + ܥݕሶ + ܭݕ = ܫଵݔሶ + ܫଶݕ + ܫଷݔሶ ଶ + ܫସݔሶݕ + ܫହݕଶ + ܫ଺ݔሶ ଷ + ܫ଻ݔሶ ଶݕ + ଼ܫ ݔሶݕଶ + ܫଽݕଷ + ܨ∗.
(11)
3. Coupling system solution of strip mill  
Assuming that the system is subjected to periodic external disturbances, set ܨ∗ = ܨ଴cosΩݐ. By 
transposition and replacement, Eq. (11) is transformed into a standard form: 
൜ݔሷ + ߱ଵ଴
ଶݔ = ߟଵଵ ଵ݂(ݔሶ , ݕ) + ߟଵଶ ଶ݂(ݔሶ , ݕ) − ߚଵݔሶ ,
ݕሷ + ߱ଶ଴ଶݕ = ߟଶଵ ଵ݂(ݔሶ , ݕ) + ߟଶଶcosߗݐ − ߚଶݕሶ , (12)
where: 
ଵ݂(ݔሶ , ݕ) = ܫଵݔሶ + ܫଶݕ + ܫଷݔሶ ଶ + ܫସݔሶݕ + ܫହݕଶ + ܫ଺ݔሶ ଷ + ܫ଻ݔሶ ଶݕ + ଼ܫ ݔሶݕଶ + ܫଽݕଷ,
ଶ݂(ݔሶ , ݕ) = ܾଵݔሶ + ܾଶݕ + ܾଷݔሶ ଶ + ܾସݔሶݕ + ܾହݕଶ + ܾ଺ݔሶ ଷ + ܾ଻ݔሶ ଶݕ + ଼ܾݔሶݕଶ + ܾଽݕଷ,
where: 
ߚଵ =
2ܿ
݉ ,     ߱ଵ଴ = ඨ
(݇௙ + ݇௕)
݉ , ߟଵଵ =
2ܾ଴
݉ , ߟଵଶ =
2ܫ଴
݉ ,
ߚଶ =
ܥ
ܯ,     ߱ଶ଴ = ඨ
ܭ
ܯ, ߟଶଵ =
1
ܯ, ߟଶଶ =
1
ܯ. 
Set, ߚଵ = ߝߚመଵ; ߚଶ = ߝߚመଶ; ߟଵଵ = ߝ̂ߟଵଵ; ߟଵଶ = ߝ̂ߟଵଶ; ߟଵଷ = ߝ̂ߟଵଷ; ߟଶଵ = ߝ̂ߟଶଵ; ߟଶଶ = ߝ̂ߟଶଶ. 
By parameters replacement, Eq. (12) becomes: 
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ቊݔሷ + ߱ଵ଴
ଶݔ = ߝ൫̂ߟଵଵ ଵ݂(ݔሶ , ݕ) + ̂ߟଵଶ ଶ݂(ݔሶ , ݕ) − ߚመଵݔሶ൯,
ݕሷ + ߱ଶ଴ଶݕ = ߝ൫̂ߟଶଵ ଵ݂(ݔሶ , ݕ) + ̂ߟଶଶܨ଴cosߗݐ − ߚመଶݕሶ൯.
(13)
For finding a nonlinear approximate solution of Eq. (13), two time scales of ଴ܶ = ݐ  and  
ଵܶ = ߝݐ are selected. Then, the time derivatives are defined as: 
݀
݀ݐ = ܦ଴ + ߝܦଵ + ⋯ ,
݀ଶ
݀ݐଶ = ܦ଴
ଶ + 2ߝܦ଴ܦଵ + ⋯ ,
(14)
where, ܦ௡ = ∂ ∂ ௡ܶ⁄ , ߝ is small parameter. By using multiple scales method, set the solution of 
Eq. (14) as: 
൜ݔ = ݔ଴( ଴ܶ, ଵܶ) + ߝݔଵ( ଴ܶ, ଵܶ),ݕ = ݕ଴( ଴ܶ, ଵܶ) + ߝݕଵ( ଴ܶ, ଵܶ). (15)
Substituting Eq. (14) and (15) into (13) and separating terms of each order of, one has: 
൜ܦ଴
ଶݔ଴ + ߱ଵ଴ଶ ݔ଴ = 0,
ܦ଴ଶݕ଴ + ߱ଶ଴ଶ ݕ଴ = 0, (16)
ە
ۖ
ۖ
۔
ۖ
ۖ
ۓܦ଴ଶݔଵ + ߱ଵ଴ଶ ݔଵ = ̂ߟଵଵ ൤ܫଵܦ଴ݔ଴ + ܫଶݕ଴ + ܫଷ(ܦ଴ݔ଴)
ଶ + ܫସܦ଴ݔ଴ݕ଴ + ܫହݕ଴ଶ
+ܫ଺(ܦ଴ݔ଴)ଷ + ܫ଻(ܦ଴ݔ଴)ଶݕ଴ + ଼ܫ ܦ଴ݔ଴ݕ଴ଶ + ܫଽݕ଴ଷ൨
      +̂ߟଵଶ ൤ܾଵܦ଴ݔ଴ + ܾଶݕ଴ + ܾଷ(ܦ଴ݔ଴)
ଶ + ܾସܦ଴ݔ଴ݕ଴ + ܾହݕ଴ଶ
+ܾ଺(ܦ଴ݔ଴)ଷ + ܾ଻(ܦ଴ݔ଴)ଶݕ଴ + ଼ܾܦ଴ݔ଴ݕ଴ଶ + ܾଽݕ଴ଷ൨ − ߚ
መଵܦ଴ݔ଴ − 2ܦ଴ܦଵݔ଴,
ܦ଴ଶݕଵ + ߱ଶ଴ଶݕଵ = ̂ߟଶଵ ൤ܫଵܦ଴ݔ଴ + ܫଶݕ଴ + ܫଷ(ܦ଴ݔ଴)
ଶ + ܫସܦ଴ݔ଴ݕ଴ + ܫହݕ଴ଶ
+ܫ଺(ܦ଴ݔ଴)ଷ + ܫ଻(ܦ଴ݔ଴)ଶݕ଴ + ଼ܫ ܦ଴ݔ଴ݕ଴ଶ + ܫଽݕ଴ଷ൨
      −ߚመଶܦ଴ݕ଴ + ̂ߟଶଶܨ଴cosΩ ଴ܶ − 2ܦ଴ܦଵݕ଴.
 (17)
The solution of Eq. (16) is setting as: 
ቊݔ଴ = ܣ( ଵܶ)݁
௜ఠభబ బ் + ̅ܣ( ଵܶ)݁ି௜ఠభబ బ் ,
ݕ଴ = ܤ( ଵܶ)݁௜ఠమబ బ் + ܤത( ଵܶ)݁ି௜ఠమబ బ். (18)
Substituting Eqs. (18) into (13), and system internal resonance is taken into account. By using 
the small scale detuning parameters, the frequencies are redefined as: Ω = ߱  ଶ଴ + ߝߪ;  
߱ଵ଴ = ߱ଶ଴ + ߝߪଵ. Where, ߪ and ߪଵ are detuning parameters. In order to avoid the secular terms 
of equations, Eq. (17) must satisfy the conditions as follow: 
ە
ۖۖ
ۖۖ
۔
ۖۖ
ۖۖ
ۓ̂ߟଵଵ ቆܫଵܣ݅߱ଵ଴ + ܫଶܤ݁
ି௜ఙభ భ் + 3ܫ଺ܣଶ̅ܣ݅߱ଵ଴ଷ
+2ܫ଻ܣ̅ܣܤ߱ଵ଴ଶ ݁ି௜ఙభ భ் + 2଼ܫ ܣܤܤത݅߱ଵ଴ + 3ܫଽܤଶܤത݁ି௜ఙభ భ்ቇ
      +̂ߟଵଶ ቆܾଵܣ݅߱ଵ଴ + ܾଶܤ݁
ି௜ఙభ భ் + 3ܾ଺ܣଶ̅ܣ݅߱ଵ଴ଷ
+2ܾ଻ܣ̅ܣܤ߱ଵ଴ଶ ݁ି௜ఙభ భ் + 2଼ܾܣܤܤത݅߱ଵ଴ + 3ܾଽܤଶܤത݁ି௜ఙభ భ்ቇ
      −ߚመଵܣ݅߱ଵ଴ − 2ܦଵܣ݅߱ଵ଴ = 0,
̂ߟଶଵ ቆܫଵܣ݅߱ଵ଴݁
௜ఙభ భ் + ܫଶܤ + 3ܫ଺ܣଶ̅ܣ݅߱ଵ଴ଷ ݁௜ఙభ భ்
+2ܫ଻ܣ̅ܣܤ߱ଵ଴ଶ + 2଼ܫ ܣܤܤത݅߱ଵ଴݁௜ఙభ భ் + 3ܫଽܤଶܤതቇ
      −ߚመ  ଶ ܤ݅߱ଶ଴ +
̂ߟଶଶܨ଴
2 ݁
௜ఙభ భ் − 2ܦଵܤ݅߱ଶ଴ = 0.
 (19)
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To solve Eq. (19), it is convenient to express the solution in polar form: 
ܣ = 12 ܽ݁
௜ఏభ,     ܤ = 12 ܾ݁
௜ఏమ,
where, ܽ, ܾ, ߠଵ, ߠଶ both are the functions of ଵܶ. In order to obtain the solution of equation set, 
introducing intermediate variables ߶ , ߮ ; define that: ߶ = ߠଶ − ߠଵ − ߪଵ ଵܶ ; ߮ = ߪ ଵܶ − ߠଶ ; 
Substituting ܣ, ܤ, ߶, ߮ into Eq. (19), the modulation equations are expressed as: 
ە
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
۔
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۓ ሶܽ = ̂ߟଵଵ2 ൬ܫଵܽ +
3
4 ܫ଺ܽ
ଷ߱ଵ଴ଶ +
1
2 ଼ܫ ܾܽ
ଶ൰ + ̂ߟଵଶ2 ൬ܾଵܽ +
3
4 ܾ଺ܽ
ଷ߱ଵ଴ଶ +
1
2 ଼ܾܾܽ
ଶ൰
      − 12 ߚመଵܽ +
ۏێ
ێێ
ۍ ̂ߟଵଵ߱ଵ଴ ൬
1
2 ܫଶܾ +
1
4 ܫ଻ܽ
ଶܾ߱ଵ଴ଶ +
3
8 ܫଽܾ
ଷ൰
+ ̂ߟଵଶ߱ଵ଴ ൬
1
2 ܾଶܾ +
1
4 ܾ଻ܽ
ଶܾ߱ଵ଴ଶ +
3
8 ܾଽܾ
ଷ൰ےۑ
ۑۑ
ې
sin߮,
ܽ൫ ሶ߮ + ߶ሶ ൯ =
ۏێ
ێێ
ۍ ̂ߟଵଵ߱ଵ଴ ൬
1
2 ܫଶܾ +
1
4 ܫ଻ܽ
ଶܾ߱ଵ଴ଶ +
3
8 ܫଽܾ
ଷ൰
+ ̂ߟଵଶ߱ଵ଴ ൬
1
2 ܾଶܾ +
1
4 ܾ଻ܽ
ଶܾ߱ଵ଴ଶ +
3
8 ܾଽܾ
ଷ൰ےۑ
ۑۑ
ې
cos߮ + ܽ(ߪ − ߪଵ),
ሶܾ = ̂ߟଶଵ߱ଶ଴ ൬
1
2 ܫଵܽ߱ଵ଴ +
3
8 ܫ଺ܽ
ଷ߱ଵ଴ଷ +
1
4 ଼ܫ ܾܽ
ଶ߱ଵ଴൰ cos߮ −
1
2 ߚመ  ଶ
 ܾ + ̂ߟଶଶܨ଴2߱ଶ଴ sin߶,
ܾ߶ሶ = ̂ߟଶଵ߱ଶ଴ ൮
൬12 ܫଵܽ߱ଵ଴ +
3
8 ܫ଺ܽ
ଷ߱ଵ଴ଷ +
1
4 ଼ܫ ܾܽ
ଶ߱ଵ଴൰ sin߮
+ 12 ܫଶܾ +
1
4 ܫ଻ܽ
ଶܾ߱ଵ଴ଶ +
3
8 ܫଽܾ
ଷ
൲ + ̂ߟଶଶܨ଴2߱ଶ଴ cos߶ + ܾߪ.
 (20)
Eliminating ߶, ߮, the frequency response is obtained in terms of two coupled equations as: 
൤̂ߟଵଵ2 ൬ܫଵܽ +
3
4 ܫ଺ܽ
ଷ߱ଵ଴ଶ +
1
2 ଼ܫ ܾܽ
ଶ൰ + ̂ߟଵଶ2 ൬ܾଵܽ +
3
4 ܾ଺ܽ
ଷ߱ଵ଴ଶ +
1
2 ଼ܾܾܽ
ଶ൰ − 12 ߚመଵܽ൨
ଶ
      +ሾܽ(ߪ − ߪଵ)ሿଶ 
      = ൤̂ߟଵଵ߱ଵ଴ ൬
1
2 ܫଶܾ +
1
4 ܫ଻ܽ
ଶܾ߱ଵ଴ଶ +
3
8 ܫଽܾ
ଷ൰ + ̂ߟଵଶ߱ଵ଴ ൬
1
2 ܾଶܾ +
1
4 ܾ଻ܽ
ଶܾ߱ଵ଴ଶ +
3
8 ܾଽܾ
ଷ൰൨
ଶ
, 
(21)
൤ ̂ߟଶଵ߱ଶ଴ ൬
1
2 ܫଵܽ߱ଵ଴ +
3
8 ܫ଺ܽ
ଷ߱ଵ଴ଷ +
1
4 ଼ܫ ܾܽ
ଶ߱ଵ଴൰ cos߶ −
1
2 ߚመଶܾ൨
ଶ
 
     + ൦̂ߟଶଵ߱ଶ଴ ൮
൬12 ܫଵܽ߱ଵ଴ +
3
8 ܫ଺ܽ
ଷ߱ଵ଴ଷ +
1
4 ଼ܫ ܾܽ
ଶ߱ଵ଴൰ sin߶
+ 12 ܫଶܾ +
1
4 ܫ଻ܽ
ଶܾ߱ଵ଴ଶ +
3
8 ܫଽܾ
ଷ
൲ + ܾߪ൪
ଶ
= ൬̂ߟଶଶܨ଴2߱ଶ଴ ൰
ଶ
, 
(22)
where: 
cos߶ = −ܽ(ߪ − ߪଵ)̂ߟଵଵ߱ଵ଴ ቀ
1
2 ܫଶܾ +
1
4 ܫ଻ܽଶܾ߱ଵ଴ଶ +
3
8 ܫଽܾଷቁ +
̂ߟଵଶ߱ଵ଴ ቀ
1
2 ܾଶܾ +
1
4 ܾ଻ܽଶܾ߱ଵ଴ଶ +
3
8 ܾଽܾଷቁ
, 
sin߶ = −
̂ߟଵଵ2 ቀܫଵܽ +
3
4 ܫ଺ܽଷ߱ଵ଴ଶ +
1
2 ଼ܫ ܾܽଶቁ +
̂ߟଵଶ2 ቀܾଵܽ +
3
4 ܾ଺ܽଷ߱ଵ଴ଶ +
1
2 ଼ܾܾܽଶቁ −
1
2 ߚመଵܽ
̂ߟଵଵ߱ଵ଴ ቀ
1
2 ܫଶܾ +
1
4 ܫ଻ܽଶܾ߱ଵ଴ଶ +
3
8 ܫଽܾଷቁ +
̂ߟଵଶ߱ଵ଴ ቀ
1
2 ܾଶܾ +
1
4 ܾ଻ܽଶܾ߱ଵ଴ଶ +
3
8 ܾଽܾଷቁ
. 
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4. Bifurcation characteristic analysis of strip mill  
Substituting Eq. (21) into (22), and eliminating ܽ. Then the bifurcation equation is obtained: 
ݖ଺ + ߙଵݖସ + ߙଶݖଷ + ߙଷݖଶ + ߙସݖ + ߣ = 0, (23)
where, ߙଵ, ߙଶ, ߙଷ, ߙସ are the unfolding parameters related to the internal parameters of system; ߣ 
is the bifurcation parameter mainly related to external excitation. According to the Singularity 
theory, the Eq. (23) is the universal unfolding of the paradigm ݖ଺ + ߣ = 0. Because there are too 
much unfolding parameters, the bifurcation characteristics cannot be directly displayed on the 
plane, so it is discussed in six cases. 
Case 1: ߙଵ = ߙଶ = 0. 
Bifurcation set: ܤ = ߶: Double limit point set: ܦ = ߶; 
Lag point set: ܪ଴ = ቄସ଴ଽ଺ଽଷ଻ହ ߙଷହ + ߙସସ = 0ቅ; 
Transition set of system is: Σ = ܤ ∪ ܪ ∪ ܦ. 
 
Fig. 2. Transition set and bifurcation diagram of system when ߙଵ = ߙଶ = 0 
Case 2: ߙଵ = ߙଷ = 0. 
Bifurcation set: ܤ = ߶; Double limit point set: ܦ = ߶; 
Lag point set: ܪ଴ = ቄ ଻ଶଽଷଵଶହ ߙଶହ + ߙସଷ = 0ቅ; 
Transition set of system is: Σ = ܤ ∪ ܪ ∪ ܦ. 
 
Fig. 3. Transition set and bifurcation diagram of system when ߙଵ = ߙଷ = 0 
Case 3: ߙଵ = ߙସ = 0. 
Bifurcation set: ܤ = ߶; Double limit point set: ܦ = ߶; 
Lag point set: ܪ଴ = ቄ ଻ଶଽସ଴ଽ଺ ߙଶସ − ߙଷଷ = 0ቅ; 
Transition set of system is: Σ = ܤ ∪ ܪ ∪ ܦ. 
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Fig. 4. Transition set and bifurcation diagram of system when ߙଵ = ߙସ = 0 
Case 4: ߙଶ = ߙଷ = 0. 
Bifurcation set: ܤ = ߶; Double limit point set: ܦ = ߶; 
Lag point set: ܪ଴ = ቄ ହଵଶଷଵଶହ ߙଵହ + ߙସଶ = 0ቅ;  
Transition set of system is: Σ = ܤ ∪ ܪ ∪ ܦ. 
 
Fig. 5. Transition set and bifurcation diagram of system when ߙଶ = ߙଷ = 0 
Case 5: ߙଶ = ߙସ = 0. 
Bifurcation set: ܤ = ߶; Double limit point set: ܦ = ߶; 
Lag point set: ܪ଴ = ቄ− ଵଷ ߙଵଶ + ߙଷ = 0ቅ; 
Transition set of system is: Σ = ܤ ∪ ܪ ∪ ܦ. 
 
Fig. 6. Transition set and bifurcation diagram of system when ߙଶ = ߙସ = 0 
Case 6: ߙଷ = ߙସ = 0. 
Bifurcation set: ܤ = ߶; Double limit point set: ܦ = ߶; 
Lag point set: ܪ଴ = ቄଵଶ଼଻ଶଽ ߙଵଷ + ߙଶଶ = 0ቅ; 
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Transition set of system is: Σ = ܤ ∪ ܪ ∪ ܦ. 
Letting two unfolding parameters of ߙଵ, ߙଶ, ߙଷ, ߙସ equal to zero, six groups of projection of 
system transition sets are obtained accordingly. It can be seen from above six figures: on the same 
projection plane, it is divided into several different subregions by transition sets. In the same 
subregion, the bifurcation diagrams are all topological equivalent, and any points in different 
subregions are not equivalent. The system transition sets are divided into four subregions I, II, III, 
IV and four critical lines 1, 2, 3, 4. Selecting a point respectively in each subregions and the critical 
lines, then simulating their bifurcation characteristic in given system conditions, finally eight 
bifurcation diagrams are obtained. Simulation diagrams show that the system exhibits different 
bifurcation characteristics in different parameter regions. The eight groups of bifurcation diagrams 
indicate the change process of the system, which reflect the actual state of motion of the system. 
The analysis of bifurcation behavior can be used to determine the parameter region which leads 
to the instability of the system. Therefore, appropriate selection of system parameters can suppress 
the vibration of rolling mill. 
  
Fig. 7. Transition set and bifurcation diagram of system when ߙଷ = ߙସ = 0 
5. Numerical simulation and analysis 
Selecting the actual parameters of 1780 mm rolling mill of Chengde Iron and Steel Co., Ltd as 
an example. The characteristic of coupling vibration model is numerically analyzed. The 
corresponding system parameters in the model are shown in Table 1. 
Table 1. Parameters of rolling mill system 
Parameters Values 
Mass of up rolls (ܯ) 1.44×105 kg 
Stiffness of up rolls (ܭ) 2.08×1010 N/m 
Damping of up rolls (ܥ) 1.04×106 N·s/m 
Mass of rolled piece (݉) 0.6318 kg 
Forward stiffness of rolled piece (݇௙) 7.58×107 N/m 
Backward stiffness of rolled piece (݇௕) 1.10×108 N/m 
Damping of rolled piece (ܿ) 5.20×103 N·s/m 
Width of rolled piece (ܤ) 1.5 m 
Amplitude of external excitation (ܨ଴) 0.5 MN 
Thickness of pre-rolling rolled piece (ܪഥ) 0.0145 m 
Entrance thickness of rolled piece (ܪ) 0.0141 m 
Exit thickness of rolled piece (ℎ) 0.0082 m 
Rotational speed of work roll (ݒ଴) 2.5 m/s 
Roll diameter (ܦ) 0.84 m 
Density of rolled piece (ߩ) 7.8×103 kg·m-3 
Forward tension of rolled piece (߬௙) 3.8 MPa 
Backward tension of rolled piece (߬௕) 5.5 MPa 
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In this section, frequency responses of rolling system are analyzed. In order to investigate the 
efficiency of appropriate rolling parameters, comparisons between different nonlinear internal 
parameters and external excitation amplitudes are presented. Based on the coupling vibration 
Eq. (21) and (22), the frequency responses of rolling system are obtained, the results are shown as 
Fig. 8-9. 
 
Fig. 8. Frequency responses of system with different amplitudes of external excitation 
 
Fig. 9. Frequency responses of system with different values of internal nonlinear parameters 
Fig. 8(a) and Fig. 8(b) is respectively the frequency response diagram of rolled piece and rolls. 
As is shown in Fig. 8, with the amplitudes changing of external excitation, the jump phenomenon 
is observed. In order to get the vibration rules of coupling system, three different external 
excitation amplitudes are compared in Fig. 8(a), 8(b), the results indicate that increasing the 
amplitude of the external excitation, the amplitude of the vertical vibration of the roll increases 
and the frequency domain of the jump phenomenon decreases. Vibration rules of the roll with the 
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change of internal nonlinear parameters are shown in Fig. 9(a)-(c). By comparison and analysis, 
conclusion can be drawn: increasing the absolute value of the nonlinear parameter ܫଵ, the system 
becomes unstable, and frequency response in higher frequency disappeared; increasing the 
absolute value of the nonlinear parameter ܫଶ, the resonance frequency of the vertical vibration of 
the roll translates to the higher frequency, resonance frequency is far away from the natural 
frequency of the system; increasing the absolute value of the nonlinear parameter ܫଽ , the 
amplitude-frequency curve of roll vertical vibration migrates to the right, as the result, the unstable 
frequency region of the system increases. 
Liu Bin contributed to the conception of the study and revised the manuscript; Jiang Jiahao 
contributed significantly to date analyses and wrote the manuscript; Liu Fei contributed to the 
manuscript preparation and programming; Liu Haoran revised the manuscript and provided fund 
support; Li Peng helped perform the analysis with constructive discussions. 
6. Conclusions 
In this paper, considering the relatively horizontal vibration of rolled piece, the friction 
coefficient is expressed as related with the vertical vibration displacement of roll and the 
horizontal vibration velocity of rolled piece. Furthermore, considering the dynamic interaction 
between roll and rolled piece, the coupling vibration model of strip mill is proposed. In order to 
analyze the characteristics of coupling system, the analytic solution of the coupling system is 
obtained by the multiple scales method. By numerical simulation and analysis, conclusions are 
obtained as follows: 
1) According to the Singularity theory, six groups of transition sets and bifurcation diagrams 
of system are obtained. The results show that: with the bifurcation parameters changing, the 
system shows different stability. This paper proposed a method to avoid the unstable vibration of 
system by limiting the selection of rolling process parameters. 
2) By using MATLAB simulation, the amplitude-frequency characteristics of system with 
different rolling parameters are analyzed. Simulation results indicate that: with the parameters 
changing, the “jump phenomenon” can be weakened or even avoided; The appearance of 
resonance in the system will be difficult. The results can be used as a theoretical basis for selecting 
parameters in engineering application, and also are of significance for design of strip mill systems. 
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